鞍点型条件のもとでの発展方程式に対する周期解の存在について (非線形解析学と凸解析学の研究) by 平野, 載倫 & 塩路, 直樹
Title鞍点型条件のもとでの発展方程式に対する周期解の存在について (非線形解析学と凸解析学の研究)
Author(s)平野, 載倫; 塩路, 直樹




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
(NORIMICHI HIRANO ) (NAOKI SHIOJI . )
1.
(1.1) $u’(t)+Au(t)\ni f(t, u(t))+h(t)$ , $0\leq t\leq T$
$T$- . , $H$ Hilbert , $A$ $H\mathrm{x}H$
, $V$ $H$ , $f$ : $[0, T]\cross Varrow H,$ $h\in L^{1}(0, \tau;H)$ .
, $A-f$ , $A-f$
. ,
. , [4] .
.
(H1) (V, $||\cdot||$ ) Banach , Hilbert $(H, |\cdot|)$
. $\langle\cdot, \cdot\rangle$ $H$ , $||\cdot||_{*}$ $V$ $V^{*}$ .
(H2) $\omega>0,$ $c>0$ . $L\subset H\mathrm{x}H$ , $D(L)$ $V$
,
(1.2) $\langle Lx, x\rangle\geq\omega||x||^{2}$ $||Lx||_{*}\leq C||X||$ $\forall x\in D(L)$
.
(H3) $A$ $H\mathrm{x}H$ , $D(A)$ $V$ , $D(A)\cap D(L)\neq\emptyset$ ,
(1.3) $\langle y-q, x-p\rangle\geq\omega||x-p||^{2}$ $\forall(x, y),$ $\forall(p, q)\in A$ ,
(1.4) $||y||_{*}\leq c(||X||+1)$ $\forall(x, y)\in A$
.
(H4) $T>0$ . $f$ : $[0, T]\cross Varrow H$ , $u(\cdot)\vdash\Rightarrow f(\cdot, u(\cdot))$ : $L^{2}(0, T;V)arrow L^{1}(0, T;H)$
$L^{2}(0, \tau;V)$ $L^{1}(0, T;H)$ –
.
, .
1. $(\mathrm{H}1)-(\mathrm{H}4)$ . ,
(1.5) $H_{1}\subset D(L)$ , $LH_{1}\subset H_{1}$ ,
(1.6) $\langle y-f(t, X), x-2P_{X}\rangle\geq\omega||X||2-b(t)$ $a.e$ . $t\in(\mathrm{O}, T),$ $\forall(x, y)\in A$
$H$ $H_{1}$ $b\in L^{1}(0, T;\mathbb{R}_{+})$ . , $P$ $H$
$H_{1}$ . , $g\in L^{2}(0, \tau;H)$ , $\int_{0}^{T}|h(t)-g(t)|dt\leq\delta$
(1.1) 1 $T$ - integral solution $\delta$ .
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, Benilan [1] integral solution . $g\in L^{1}(0, T;H),$ $x\in\overline{D(A)}$
. $u:[0, T]arrow H$ , $u(\mathrm{O})=x,$ $[0, T]$ $u(t)\in\overline{D(A)}$,
$|u(t)-y|^{2} \leq|u(s)-y|^{2}+2\int_{s}^{t}\langle f(\tau)-Z, u(\mathcal{T})-y\rangle d_{\mathcal{T}}$ $0\underline{<}\forall s\leq\forall t\leq T,$ $\forall(y, z)\in A$
, $u$
$u(\mathrm{O})=x$ , $u’(t)+Au(t)\ni g(t)$ , $0\leq t\leq T$
integral solution .
.
2. $(\mathrm{H}1)-(\mathrm{H}4)$ , $(0,0)\in A$ $f(\cdot, 0)\equiv 0$ . ,
$H_{2}\subset D(L)$ , $LH_{2}\subset H_{2}$ ,
$\langle y-f(t, x), x-2Qx\rangle\geq\omega||x||^{2}$ $a.e$ . $t\in(\mathrm{O}, T),$ $\forall(x, y)\in A$ with $|x|\leq\epsilon$
$H$ $H_{2}$ $\epsilon$ . , $Q$ $H$ $H_{2}$
. , $\int_{0}^{T}|h(t)|dt\leq\delta$ (11) 1 T integral
solution $\delta$ .
1 , .
. $(\mathrm{H}1)-(\mathrm{H}3)$ . $f$ : $Varrow H$ , $a\geq 0,0<\rho<2$
$|f(x)|\leq a(||x||2-\rho+1)$ $\forall x\in V$
. , (1.5)
$\langle y-f(X), x-2P_{X}\rangle\geq\omega||x||^{2}-b$ $\forall(x, y)\in A$
$H$ $H_{1}$ $b$ . , $P$ $H$ $H_{1}$
. , $y\in H$ , $Ax.\ni f(x)+y$ $x\in D(A)$ .
2.
1 . [5] .
$A$ , $g\in L^{1}(0, \tau;H)$
$\{$
$u’(t)+Au(t)\ni g(t)$ , $0\leq t\leq T$ ,
$u(0)=u(T)$
integral solution $u\in C(\mathrm{O}, T;H)\cap L^{2}(0, T;V)$ – , $Gg=u$ $G$
. $h\in L^{1}(0, T;H)$ . $u$ $u=G(f(\cdot, u)+h)$ (1.1)
. , (1.1)
$urightarrow G(f(\cdot, u)$ ) .
Schauder
, , . ,
$\{$




$u’(t)+Lu(t)=2LPu(t)$ , $0\leq t\leq T$ ,
$u(0)=u(T)$
. $L$ (H2) .
(2.2) $\{$
$u’(t)+\alpha Au(t)+(1-\alpha)Lu(t)\ni\alpha f(t, u(t))+(1-\alpha)2LPu(t)+\alpha \text{ }(t)$ , $0\leq t\leq T$ ,
$u(0)=u(\tau)$
. – . $\alpha A+(1-\alpha)L$ ,
$H\mathrm{x}H$ . , (H2), (H3)
$D(L),$ $D(A)$ $V$ . $\alpha A+(1-\alpha)L$
, $0\leq\alpha\leq 1$ $\alpha A+(1-\alpha)L$
. [5] .
, $\alpha A+(1-\alpha)L$ , $(g, \alpha)\in L^{1}(0, \tau;H)\mathrm{x}[0,1]$
$\{$
$u’(t)+\alpha Au(t)+(1-\alpha)Lu(t)\ni g(t)$ , $0\leq t\leq T$,
$u(0)=u(T)$
integral solution $u\in C(\mathrm{O}, T;H)\cap L2(0, T;V)$ – , $G(g, \alpha)=u$ $G$
. $\in L^{1}(0, \tau;H)$ $\mathcal{H}_{h}$ : $L^{2}(\mathrm{o}, T;V)\cross[0,1]arrow L^{2}(0, T;V)$
$\mathcal{H}_{h}(u, \alpha)(t)=G(\alpha f(\cdot, u)+(1-\alpha)2LPu+\alpha \text{ },$ $\alpha)(t)$ , $(u, \alpha)\in L^{2}(0,\tau;V)\cross[0,1]$
. $u=\mathcal{H}_{h}(u, \alpha)$ (2.2) .
, $L^{2}(0, \tau;V)$ $R$ $B_{R}$ , $\deg(\cdot, \cdot, \cdot)$ Leray-Schauder
. Leray-Scahuder [2] .
1 .
1. 1 . , $g\in L^{2}(0, \tau;H)$ $R_{0}$ ,
$R\geq R_{0}$ $\int_{0}^{T}|$ (t)–g(t)l $dt\leq\delta$
$\deg(I-\mathcal{H}_{h(}\cdot, 1),$ $B_{R},$ $0)=(-1)^{\dim H_{1}}$
$\delta$ .
. $\deg(I-\mathcal{H}_{h(}\cdot, 1),$ $BR,$ $\mathrm{O})=\deg(I-\mu h(\cdot, \mathrm{o}),$ $BR,$ $0)=(-1)^{\dim H_{1}}$ .
(1) $\deg(I-\mathcal{H}_{h(}\cdot, 1),$ $BR,$ $0)=\deg(I-\mathcal{H}_{h(\cdot,0}),$ $BR,$ $\mathrm{o})$ .
$(u, \alpha)\in\partial B_{R}\cross[0,1]$ $\mathcal{H}_{h}(u, \alpha)\neq u$ . . , (2.2)
$(u, \alpha)\in\partial B_{R}\cross[0,1]$ . $u_{2}=(I-P.)u,$ $u1=Pu$ . $u$
, $u$ (2.2) integral solution $A$
$u$ ,
78
. , $|\cdot|\leq||\cdot||$ . $u$ (2.2) ,
$0= \int_{0}^{\mathit{1}}\langle u’+\alpha(Au-f(t, u))+(1-\alpha)(Lu-2LPu)-\alpha \text{ }, u2-u_{1}\rangle dt$
$= \frac{1}{2}(|u_{2}(T)|^{2}-|u_{2}(\mathrm{o})|2)-\frac{1}{2}(|u_{1(\tau)|-}2|u_{1(\mathrm{o})}|^{2})$
$+ \alpha\int_{0}^{T}$ $\langle$Au–f $(t,$ $u),$ $u2-u1\rangle$ $dt+(1- \alpha)\int_{0}^{T}\langle L(u2-u1), u_{2}-u_{1}\rangle dt$




$R0$ $R\geq$ $\delta$ . ,
$M= \sup|G(\beta f(\cdot, v)+(1-\beta)2LPv+\beta k,$ $\beta)|$
, $\int_{0}^{\mathit{1}}|k(t)-g(t)|dt\leq\delta$ $(v, \beta, k)\in B_{R}\cross[0,1]\cross L^{1}(0, T;H)$
. , (1) . $|.\cdot$.$\cdot$ .
(2) $\deg(I-^{\gamma}\{_{h(\cdot,0}),$ $BR,$ $\mathrm{o})=(-1)^{\mathrm{d}}:\mathrm{m}H_{1}$ .
.-.
$\mathcal{H}_{h}(\cdot, 0)$ . , $t\ell_{h}(\cdot, 0^{\backslash })$ 1
. $\mathcal{H}_{h}(u, 0)=u$ . $u$ (2.1) . $L$ $H_{1}$
, (2.1) &J $H_{1}$ $H_{1}$ $H_{1}^{\perp}$
. $u_{2}=(I-P)u,$ $u1=Pu$ . $H_{1}^{\perp}$ (2.1) :
$u_{2}’(t)+Lu_{2}(t)=0$ , $0\leq t\leq T$ ,
$u_{2}(0)=u_{2}(T)$
, $u_{2}\equiv 0$ . $n=\dim H_{1}$ , $\lambda_{1},$ $\cdots,$ $\lambda_{n}$ , $H_{1}$
(2.1) ’
$\{$$+=2$, $0\leq t\leq T$ ,$u_{1}(0)=u_{1}(T)$
. $u_{1}\equiv 0$ , $u\equiv 0$ , $\mathcal{H}_{h}(\cdot, 0)$ 1
. , 1 2
$\{u\in L^{2}(0, \tau;V) : (2-\mathcal{H}_{h}(\cdot, \mathrm{o}))^{2}u=0\}$
$=\{u\in L^{2}(0, \tau;V) : (2-\mathcal{H}_{h}(\cdot, \mathrm{O}))u=0\}$
$=$ { $u\in L^{2}(0,$ $\tau;V)$ : $u(t)\in H_{1},$ $u$ }
. , 2 – $\dim H_{1}$ ,
, $\deg(I-\mathcal{H}_{h(\cdot,\mathrm{o}),B0}R,)=(-1)^{\dim H_{1}}$ .
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. 2 .
2. 2 . $r_{0}$ , $r\in(0, r_{0}]$ $\int_{0}^{T}|$ (t)| $dt\leq\rho$
$\deg(I-\mathcal{K}_{h(}\cdot, 1),$ $Br’ 0)=(-1)^{\mathrm{d}}\mathrm{i}\mathrm{m}H_{2}$
$\rho$ . , $\mathcal{K}_{h}$ : $L^{2}(0, T;V)\cross[0,1]arrow L^{2}(0, \tau;V)$






$\frac{\partial u}{\partial t}=\sum_{i=1}^{N}\frac{\partial}{\partial x_{i}}a_{i}(\frac{\partial u}{\partial x_{i}})+g(t, x, u, \nabla u)+h(t, x)$ in $[0, T]\cross\Omega$ ,
$u(t, x)=0$ on $[0, T]$ $\partial\Omega$ .
, $a_{i}\in C^{1}(\mathbb{R})$ $a_{i}(\mathrm{O})=0$ $0< \inf_{s}a_{i}’(s)\leq\sup_{S}a’i(\mathit{8})<\infty$ , $h:[0, T]\mathrm{x}\Omegaarrow \mathbb{R}$
$\int_{0}^{\tau}(\int_{\Omega}|$ $(t, x)|^{2}d_{X})^{1/2}dt<\infty$ , $g:[0, T]\mathrm{x}\Omega\cross \mathbb{R}\cross \mathbb{R}^{N}arrow \mathbb{R}$
$(t, x)\in[0, T]\mathrm{x}\Omega$ $g(t, x, \cdot, \cdot)$ $(u,.v)\in \mathbb{R}\cross \mathbb{R}^{N}$ $g(\cdot, \cdot, u, v)$
.
Dirichlet $-\triangle$ $\lambda_{1}<\lambda_{2}\leq\lambda_{3}\leq\cdots$ .
, .
3. $\epsilon$ , .
$1-\epsilon<a_{i}’(S)<1+\epsilon$ , $s\in \mathbb{R},$ $i=1,$ $\ldots,$ $N$,
$g(\cdot, \cdot, 0, \cdot)\equiv 0$ ,
$\sup\{|\frac{g(t,x,u,v)}{u}|$ : $(t, x, u, v)\in[0,T]\cross\Omega\cross(\mathbb{R}\backslash \{0\})\mathrm{x}\mathbb{R}^{N}\}<\infty$.
, $k-l$ $k,$ $l$ .
$\lambda_{k}<\lim\frac{g(t,x,u,v)}{u}<(1-2\epsilon)\lambda_{k+1},$ $(t, x, v)\in[0, T]\cross\Omega \mathrm{x}\mathbb{R}^{N}$ – ,
$|u|arrow\infty$
$\lambda_{l}<||arrow\lim_{u0}\frac{g(t,x,u,v)}{u}<(1-2\mathcal{E})\lambda\iota+1,$ $(t, x, v)\in[0, T]\mathrm{x}\Omega\cross \mathbb{R}^{N}$ – .
, $\int_{0}^{T}(\int_{\Omega}|h(x, t)|^{2}dx)1/2dt$ , (3.1) 2 T-
.
. $(L^{2}(\Omega), |\cdot|)$ $A,$ $L$ $f$ : $[0, T]\mathrm{x}H_{0}^{1}(\Omega)arrow L^{2}(\Omega)$ .
$\{$
$Au=- \sum_{i=1}^{N}\frac{\partial}{\partial x_{i}}a_{i}(\frac{\partial u}{\partial x_{i}})$ , $u\in D(A)=H2(\Omega)\cap H_{0(}^{1}\Omega)$ ;
$Lu=-\Delta u$ , $u\in D(L)=H^{2}(\Omega)\cap H_{0(}^{1}\Omega)$ ;
$f(t, u)(x)=g(t, x, u(x), \nabla u(x))$ , $(t, u)\in[0, T]\mathrm{x}H_{0}^{1}(\Omega)$ .
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$\lambda_{1},$ $\lambda_{2},$ $\lambda_{3},$ $\cdots$ $L$
$\varphi_{1},$ $\varphi_{2},$ $\varphi_{3},$
$\cdots$ . $H_{1}=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}\{\varphi_{1}, \ldots, \varphi_{k}\}$
, $P$ $L^{2}(\Omega)$ $H_{1}$ . $u\in H^{2}(\Omega,)\cap H_{0}^{1}(\Omega)$ , $u_{2}=u-Pu,$ $u_{1}=Pu$
,
$\langle$Au, $u_{2}-u_{1}\rangle$ $\geq(1-\epsilon)|\nabla u_{2}|^{2}-(1+\epsilon)|\nabla u_{1}|^{2}$
$=\in|\nabla u|^{2}+(1-2_{\mathcal{E})}|\nabla u_{2}|^{2}-|\nabla u_{1}|^{2}$
$\geq\epsilon|\nabla u|2+(1-2\mathcal{E})\lambda_{k}+1|u_{2}|2-\lambda_{k}|u1|2$
$- \int_{\Omega}g(t, X, u, \nabla u)(u_{2}-u_{1})d_{X}\geq\lambda_{k}|u_{1}|^{2}-(1-2\mathcal{E})\lambda_{k+1}|u2|^{2}-C$
. , $C$ $u$ . ,
$\langle$Au–f $(t,$ $u),$ $u_{2}-u_{1}\rangle$ $\geq\epsilon|\nabla u|2-C$
. $H_{2}=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}\{\varphi_{1}, \ldots , \varphi\iota\}$ , $Q$ $L^{2}(\Omega)$ $H_{2}$ . $v\in H^{2}(\Omega)\cap H_{0()}^{1}\Omega$
, $v_{2}=v-Qv,$ $v_{1}=Qv$ ,
$\langle Av, v_{2}-v_{1}\rangle\geq\epsilon|\nabla v|^{2}+(1-2\epsilon)\lambda l+1|v2|2-\lambda_{l}|v_{1}|2$
. , $|v|$ [3, Lemma 4]
$\langle-f(t, v), v2-v_{1}\rangle\geq\epsilon|\nabla v|^{2}+\lambda_{l}|v_{1}|^{2}-(1-2\epsilon)\lambda\iota|v_{2}|^{2}$
. , 1, 2 . $\square$
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